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The most widely used atomic scattering factors are based on numorical Hartree~Fock wave func-
tions, some of which are of low accuracy. Recently a number of analytical Hartree~Fock functions
have been published which have a higher accuracy than the older numerical wave functions. By
using these analytical wave functions, there are obtained, in turn, analytical expressions for the
scattering factors. These expressions can be readily evaluated at any desired interval of 27! sin 6
with a higher precision than can the numerically integrated scattering factors. The analytical
Hartree—-Fock scattering factors for the two-electron series to C*4, including the previously unpub-
lished values for H- and refined values for He, Be*2, and B*? are reported here. In those cases
where comparison is possible with recent carefully performed numerical Hartree-Fock calcula-

tions (Li+ and C+4), the agreement is excellent.

Introduction

For many years, the most widely used atomic scatter-
ing factor values were those computed by James &
Brindley (1931) who employed Hartree self-consistent
field (SCF) wave functions. As Hartree obtained these
numerical solutions without the benefit of present,
improved computational techniques and facilities,
their accuracy and hence the accuracy of the corre-
sponding form factors are limited to fewer significant
figures than may now be obtained. Moreover, because
Hartree solutions were available to them for only a
few atoms, James & Brindley (hereafter JB) resorted
to an interpolation scheme to extend them to many
others. Theoretical considerations (McWeeny, 1951;
Hoerni & Ibers, 1954) as well as experimental evi-
dence (Bacon, 1952; Cochran, 1953) have shown this
interpolation procedure to be unreliable.

For these reasons, various efforts have been made
to improve the old JB values. Thus, McWeeny, and
more generally Freeman (1959) considered the effects
of aspherical charge distributions on the scattering
factor. In this laboratory, the effects of radial and
angular correlation on the form factor have been
investigated (Hurst, Miller & Matsen, 1958; Hurst
& Matsen, 1959; Silverman, Platas & Matsen, 1960;
Hurst, 1960). Several authors have used recent,
more accurate SCF functions to extend and refine the
old JB values (Viervoll & Ogrim, 1949; Hoerni &
Ibers, 1954, 1957; Berghuis et al., 1955; Freeman,
1959).

It appears, however, that for the two-electron iso-
electronic series H—Ne*8, form factors from improved
numerical SCF functions have been reported only for
Li* and C+4. Thus for He, Be*2, B+3 and N+, the
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only SCF form factors appearing in the literature are
those of JB in which the He value was obtained from
an early (Hartree, 1928) SCF function and the Be+2,
B+3 and N+5 values were found by their interpolation
routine. SCF form factors for the remaining four
members of the series appear not to have been previ-
ously reported.

Recently, analytical SCF functions for the helium-
like systems have become available. Green et al. (1954)
and more elaborately, Roothaan, Sachs & Weiss (1960)
have developed analytic expressions closely approxi-
mating Hartree-Fock (HF) 1s wave functions in 1s2
configurations.t

In the present paper, an analytic expression for
the atomic form factors of He and the helium-like
ions is obtained from these analytic SCF functions.
Using this expression, previously unreported SCF
atomic form factors of H-, O+6, F+7 and Ne+® are
calculated as well as refined values of He, Bet2, B+3
and N+5, For Li* and C*4, comparison of the form
factors given here with those calculated from accurate
numerical SCF functions should indicate how well the
analytic functions approximate the numerical Har-
tree-Fock functions for form factor calculations.

Calculations
The scattering factors are computed from (see James,

1948)
f= S ¥ exp [tkS.1y] Y’d‘r/g iy, (la)
] ¢

where

k‘S.l‘j=,u7'j COS «; (1b)
u=4nA1sin § (L)
dr=dtid 12 (1d)
drj=ridr; sin a;de;de; . (le)

+ The latter authors also report analytical SCF functions
for the 1s22s and 1s22s? atomic configurations.
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Table 1. Scattering factors computed from analytical SCF wave functions

A-1sin 6 (A-Y) H-
0-000 2-0000
0-025 1-9191
0-050 1-7113
0-075 1-4495
0-100 1-1931
0-125 0-9702
0-150 0-7866
0-175 0-6388
0-200 0-5205
0-225 0-4258
0-250 0-3500
0-275 0-2889
0-300 0-2397
0-325 0-1998
0-350 0-1673
0-375 0-1407
0-400 0-1190
0-425 0-1010
0-450 0-08615
0-475 0-07379
0-500 0-06348
0-550 0-04754
0-600 0-03616
0-650 0-02789
0-700 0-02180
0-750 0-01724
0-800 0-01379
0-850 0-01115
0-900 0-009097
0-950 0-007489
1-000 0-006216
1-100 0-004379
1-200 0-003167
1-300 0-002343
1-400 0-001769
1-500 0-001359

Table 2. Comparison of scattering factors computed from various wave functions
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R = Analytic SCF (Roothaan, Sachs & Weiss, 1960).
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He

2-0000
1-9891
1-9572
1-9057
1-8373
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@ = Analytic SCF (Green et al., 1954).
HY = Three-term Hylleraas function (Hurst, 1960).
A = Radially and angularly correlated (Silverman, Platas & Matsen, 1960).
HF = Numerical SCF (Freeman, 1959).
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The 18 normalized wave function used in the cal-
culation is

where the antisymmetric spin function has been omit-
ted. The ¢(j) are the ‘compromise’* SCF wave func-
tions of Roothaan, Sachs & Weiss (1960) which may
be written as

(2a)

@)= oxols(j)+ ca2s(j) + fols’(j) + f12s'(j) (2b)
where

1s(j)=(a*/m)*"2 exp [ —ar)] (2¢)
2s(j) = (a3/37) 2r; exp [ —ar) (2d)
15'(7) = (8%/m)}/2 exp [ —br;] (2e)
25'(j)=(b5/3m)!2r; exp [ —bry] . @f)

The parameters oo, 1, fo, P1, @ and b have been
determined by Roothaan et al. for He-Ne+8, The ex-
plicit expression for the scattering factor in modified
atomic unitst is

= 3204 {“2 oo (12a2— u2)  4aia®(4a®— yz)J
(da? + u2)? 0 a2+ u2))/3 (da2+ u2)?
3264 o Bofi(1202—pu?)  4536%(4b2 — ,u?)J
(46 + u2)? [180+ (42 + u2))3 (462 + u2)?
32(ab)32
Gk o e
4 (@x1fo+boofi)[3(a+0)2— u?]
[ta+0p+p2]y3
41 frabla+b)[(a+b)*— p?] 3)
[(@a+b)2+ P } '

The scattering factors for He-Ne*8 were obtained
from (3) using the parameter values computed by
Roothaan et al. For o1 =0=p1, ao=N(Z)"3/2/2, o=
cN(kZ)-372/2, a=Z and b=FkZ, equation (2b) reduces
to the three-parameter function of Green et al. while
equation (3) reduces to the corresponding scattering
expression; values of Z, k, ¢ and N have been com-
puted by Green et al. (1954) for H~—C+%. The scattering
factor of H~ was obtained from this specialized form
of (3) using the Green parameters. The calculations
were performed on an IBM 650 computer.

* These functions represent a compromise between ac-
curacy and complexity. Properties computed with these should
differ but negligibly from values computed with the most
elaborate functions given by these authors.

t The modified atomic unit of length, aps, is given by
ay =ay(Boo/Rar) where ay=10-529172 A is the first Bohr radius
for infinite nuclear mass, R, is the Rydberg wave number
for infinite nuclear mass and Ry is the Rydberg wave number
for the nucleus of mass M. This introduces a first-order correc-
tion for nuclear motion.

ATOMIC SCATTERING FACTORS OF HELIUM-LIKE SYSTEMS

Results

In Table 1 are given the form factors for H-, He, Li+,
Be+t2, B+3 and C+4 for various values of A~! sin 6% in
A-1.In Table 2 these results are compared with fac-
tors computed from other charge distributions.

Discussion

From Table 2 it is seen that the analytical SCF form
factors are in good agreement with the results from
both the three-term Hylleraas function and the radi-
ally and angularly correlated function of Silverman,
Platas & Matsen. Furthermore, for Li+ and C*4 the
analytical SCF form factors are in excellent agreement
with those obtained from accurate numerical HF func-
tions, showing maximum deviations of 0-002 and 0-004
electron for Li+ and C+4 respectively. Thus, for the
form factor calculations of these ions, the analytic
functions are excellent approximations to the numerical
HF solutions. One can reasonably expect that the
analytic functions for the other members of the series
approximate their numerical counterparts to a like
degree.

In view of the relative ease and high precision with
which the scattering integral may be evaluated from
analytic SCF functions at any desired interval of
Alsin 0, as opposed to evaluation from numerical
ones, it seems preferable to compute form factors
from them when such functions are available.
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